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a b s t r a c t
This paper considers a qualitative analysis of the solution of a pure exchange general
economic equilibrium problem regulated by Walras’ law in the dynamic parametric case.
The equilibriumconditions that describe this pure exchange economicmodel are expressed
in terms of a time-dependent parametric variational inequality for which a Hölderian type
stability of the solutions have been proved. For this model, we have also focused our
attention on a numerical application with the parameter ν = (µ, λ), where µ represents
the variation of the average annual inflation rate and λ represents the variation of the
vat share, both considered in Italy in the year 2008. For this numerical example it has
been proved the existence of the solutions of the evolutionary parametric variational
inequality that describes the equilibrium conditions by means of the direct method and
by using MATLAB computation, after a linear interpolation, the curves of equilibria have
been visualized.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The aim of this paper is to generalize the dynamical model introduced in [1] in the parametric case by means of the
introduction of a parameter and to generalize also in the dynamic case the application introduced in the static case in [2].
In order to perform this analysis it is very useful to formulate the dynamic Walrasian price equilibrium problem applying a
time-dependent parametric variational inequality. For the Time-Depending Parametric Variational Inequality (TDPVI) that
characterizes the equilibrium conditions, we are able to show the Hölderian continuity of the solutions of the parametric
evolutionary variational inequalities characterizing the time-dependent Walrasian price equilibrium conditions. The case
of Parametric Variational Inequality (PVI) with a fixed constraint set is studied, for example, in [3,4]. The case of PVI whose
constraint set depends on a parameter has been considered, for example, in [5–10]. The parametric sensitivity analysis
for the Walrasian price equilibrium problem, in the static case, has been studied in [2] and the Hölderian continuity and
sensitivity analysis of the solutions, in the static case, has been extensively studied (see e.g. [11]), but the usual parametric
geometrical approach, valid for variational inequalities in the static case, does not seem to be efficient in the dynamic case.
Nevertheless, by means of the new evolutionary approach introduced in [1,12] and its parametric characterization, we are
able to showaHölder-type stability of the solutions of the evolutionary parametric variational inequalities characterizing the
time-dependent Walrasian price equilibrium conditions. It is worth highlighting that it was LéonWalras [13] who, in 1874,
laid the fundamental ideas for the study of the general equilibrium theory, providing a succession ofmodels, each taking into
accountmore aspects of a real economy. It was in order to link his equilibriummodel to realworld that LéonWalras’ writings
developed tâtonnement process, which is a very simple way to model the law of supply and demand. This law is a central
assumption in economic theory; it states that the price of a commodity will increase when the demand for that commodity
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exceeds the supply and that the price will decrease if the supply exceeds the demand. The tâtonnement process is a well-
known adjustment process that would capture the dynamics to the general equilibrium. It has been extensively studied in
the literature, as it is known by the classical Ref. [14]. It is also important to outline that, in recent years, the variational
approach has been useful to the study of several equilibrium problems originating from economy, finance, game theory,
network theory, etc. (see e.g. [15–20]). The paper is organized as follows. In Section 2, the time-dependent Walrasian price
equilibriumproblem is introduced. In Section 3, the parametric variationalmodel is introduced. In Section 4, theHölder-type
stability of the solution has been proved, in Section 5, in order to support the theoretical results, a numerical example has
been provided: the time-dependent Walrasian price equilibrium is solved by the evolutionary PVI with the direct method
given in Ref. [21]. Finally, Section 6 is dedicated to a summary and conclusions.
2. Dynamic Walrasian price equilibrium problem
In order to introduce our problem, a dynamic Walrasian price equilibrium problem is first defined and some results,
obtained in [1], are reported in the case where the aggregate excess demand function varies in the time. During a period
of time [0, T ], T > 0, let us consider a pure exchange economy with l different commodities and with column price vector
p(t) = (p1(t), p2(t), . . . , pl(t))T , where:
pi : [0, T ] → R+, i = 1, 2, . . . , l
pi ∈ L2([0, T ],R+).
Hence:
p ∈ L2([0, T ],Rl+) = L.
Let us denote the induced aggregate excess demand function by z(t, p(t)).
z(t, p(t)) is a row vector with components:
z1(t, p(t)), z2(t, p(t)), . . . , zl(t, p(t)),
where:
zi : [0, T ] × Rl+ → R, i = 1, . . . , l
(t, p(t))→ zi(t, p(t)).
Let us assume that the function z satisfies the following condition:
z(t, p) is measurable in t ∀p ∈ L, continuous in p a.e. in [0, T ],
∃γ ∈ L2(0, T ) : ‖z(t, p)‖ ≤ γ (t)+ ‖p‖. (1)
From condition (1) and since p ∈ L2([0, T ],Rl+), it results that:
z(t, p(t)) ∈ L.
Then the function can be defined:
z : L → L
p → z(p).
Assuming that:
z will be homogeneous of degree zero in p(t) on Rl+, that is:
z(t, αp(t)) = z(t, p(t)) for all p(t) ∈ Rl+, α > 0, a.e. in [0, T ],
z satisfies Walras’ law:
⟨z(t, p(t)), p(t)⟩ =
∫ T
0
l−
i=1
zi(t, p(t)) · pi(t) = 0, a.e. in [0, T ], ∀p(t) ∈ Rl+, (2)
where ⟨·, ·⟩ denotes the inner product in Rl.
Because of homogeneity, the prices may be normalized so that they take values in the simplex:
S =

p ∈ L : p(t) ≥ 0,
l−
i=1
pi(t) = 1 a.e. in [0, T ]

.
The definition of a Walrasian equilibrium is now stated.
Definition 2.1. A price vector p∗ ∈ S is a dynamic Walrasian equilibrium price vector if:
z(t, p∗(t)) ≤ 0 a.e. in [0, T ]. (3)
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Let us observe that, since the market is regulated by Walras’ law, it is possible to rewrite the equilibrium condition (3) in
the following way:
Definition 2.2. A price vector p∗ ∈ S is a dynamic Walrasian equilibrium price vector if and only if for all i = 1, . . . , l,
a.e. in [0, T ]:
zi(t, p∗(t))
≤ 0 if p∗i (t) = 0= 0 if p∗i (t) > 0. (4)
The following theorem establishes that the dynamic Walrasian equilibrium price vector can be characterized as a solution
to an evolutionary variational inequality.
It is worth remarking that this theorem generalizes to dynamic case the equivalence between the static Walrasian price
equilibria and solutions of a variational inequality problem shown in [22].
Theorem 2.1 ([1]). A price vector p∗ ∈ S is a Walrasian equilibrium if and only if it satisfies the evolutionary variational
inequality:
⟨z(p∗), p− p∗⟩L =
∫ T
0
⟨z(t, p∗(t)), p(t)− p∗(t)⟩dt ≤ 0 ∀p ∈ S. (5)
Remark 2.1. It is worth highlighting that the variational inequality (5) is equivalent to:
l−
i=1
zi(t, p∗(t)) · (pi(t)− p∗i (t)) ≤ 0 ∀p ∈ S a.e. in [0, T ]. (6)
Moreover, considering this remark, we can apply to (6) the direct method of [21] (see also [23,24]) in order to find solutions
to the variational inequality (5).
3. Qualitative analysis: evolutionary parametric variational approach
In this section is provided the sensitivity analysis of the dynamic Walrasian equilibrium price vector of a pure exchange
economy when the aggregate excess demand function varies in the time with a parameter ν.
Remark 3.1 (Economic Meanings of the Parameter). The variation of the aggregate excess demand function according to
a parameter ν has been considered because, for the applications, it is very important to understand, not only how the
equilibrium price vector varies to varying of the perturbation of the aggregate excess demand function, but it is also
important to snatch how the aggregate excess demand function varies according to the variation of the variables of the
market. To this aim in the market – by a microeconomic point of view – the variation of the aggregate excess demand
function could happen in correspondence of the variation of several factors (e.g. inflation rate, vat share, cost of the money,
etc.) that, consequently, induces to the variation of the prices. In our model the parameter represents the variable of the
market, so it is important to understand how the alterations of the economic variables of the market perturb the aggregate
excess demand function, then, let us assume to give an economic meaning to the parameter. For example, the economic
meanings of the parameter ν, acting ν as any other external factor that is able to influence the agents’ demand and the
prices, e.g., increase/decrease of: inflation rate; consumer income; cost of money; competitive competition; crisis of the
market; vat share; production costs; availability of raw materials; warehouse odd lots; fiscal cargo on the enterprises, and
so on.
Obviously, for the applications, these meanings of the parameter must be quantified.
Assumed that ν ∈ Γ , Γ is an open subset of Rn, proved with the norm ‖ · ‖. Let us consider the family of operators:
{z(t, ·, ν), p ∈ S}
where z(t, p(t), ν) is the perturbed aggregate excess demand function so defined:
zi(t, p(t), ν) : [0, T ] × Rl+ × Γ → R ∀i = 1, . . . , l.
Let us assume that the function z(t, p(t), ν) satisfies the following condition:
z(t, p, ν) is measurable in t ∀p ∈ S, ν ∈ Γ and continuous in (p, ν) a.e. in [0, T ], ∀ν ∈ Γ and
∃γ ∈ L2(0, T ) : ‖z(t, p, ν)‖ ≤ γ (t)+ ‖p‖ + ‖ν‖. (7)
From condition (7) and since p ∈ L, it results that:
z(t, p(t), ν) ∈ L2([0, T ] × Rl+ × Γ , Rl).
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Assuming that, for all ν in Γ the operators z(t, p(t), ν) are continuous and satisfy Walras’ law:
⟨z(t, p(t), ν), p(t)⟩ =
∫ T
0
l−
i=1
zi(t, p(t), ν) · pi(t) = 0 a.e. in [0, T ], ∀p ∈ S, ν ∈ Γ . (8)
The definition of a dynamic Walrasian equilibrium price vector to a parameter variation is now stated.
Definition 3.1. A price vector p∗ ∈ S is a dynamic Walrasian equilibrium price vector if:
z(t, p∗(t), ν) ≤ 0 a.e. in [0, T ] ∀ν ∈ Γ . (9)
Let us observe that, since the market is regulated by Walras’ law, it is possible to rewrite the equilibrium condition (9) in
the following way.
Definition 3.2. A price vector p∗ ∈ S is a dynamic Walrasian equilibrium price vector if and only if for all i = 1, . . . , l and
all ν ∈ Γ , a.e. in [0, T ]:
zi(t, p∗(t), ν)
≤ 0 if p∗i (t) = 0= 0 if p∗i (t) > 0. (10)
Condition (10) states that if the price of equilibrium of the goods i, at the time t , is equal to zero, then the aggregate excess
demand zi(t, p∗(t), ν), related to the goods i, at the same time t , for all value of the parameter ν in Γ , must not be greater
than zero, that is, the supply must be over the demand to varying of ν. If the price of equilibrium of the goods i, at the time
t , is greater than zero, then zi(t, p∗(t), ν), related to the goods i, at the same time t , for all value of the parameter ν in Γ ,
must be equal to zero, that is, the demand and the supply must be equal to varying of ν.
The TDPVI problem is then given. Let us determine p¯ ∈ S, satisfying:∫ T
0
⟨z(t, p¯(t), ν), p(t)− p¯(t)⟩dt ≤ 0 ∀p ∈ S, ν ∈ Γ , (11)
which is equivalent to the dynamic parametric Walrasian price equilibrium conditions.
Remark 3.2. It has been observed that in this dynamic parametric formulation, the aggregate excess demand function
depends on the time and on the parameter ν.
Choosing ν in Γ , it results that:
z(t, p(t), ν) = zν(t, p(t)),
then
zi(t, p(t), ν) = (zν)i(t, p(t)) ∀i = 1, . . . , l
where: (zν)i(t, p(t)) : [0, T ] × Rl → R, ∀i = 1, . . . , l.
Then the TDPVI problem (11) is equivalent to determine p¯ ∈ S:∫ T
0
⟨zν(t, p¯(t)), p(t)− p¯(t)⟩ ≤ 0 ∀p ∈ S, (12)
that is, as the parameter has been fixed, it is equivalent to the non-parametric time-dependent variational problem (5).
3.1. Existence and uniqueness results
Choosing ν in Γ , then the existence of a solution to a TDPVI problem (11) (or (12)), follows from the Theorem 2 of [1].
Moreover, if zν(t, ·) is strictly monotone on S, the uniqueness of the solution p¯ ∈ S is achieved.
Then, for all ν ∈ Γ , it exists only one p¯ ∈ S solution of (11), where:
p¯ : [0, T ] × Γ → Rl.
Considering ν = ν∗, let us suppose that for some ν∗ ∈ M the TDPVI (11) has got an equilibrium solution p¯(t, ν∗) = p¯∗(t).
Now, it is possible to carry out the following qualitative analysis.
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3.2. Time-dependent parametric sensitivity analysis
It is now examined the sensitivity analysis of the solution price vector to changes in the data, when the aggregate excess
demand function varies with a parameter ν. The qualitative study of solutions is always an interesting issue, especially with
the aim of examining the evolution of the Walrasian market in time. Some conditions in order to clarify the behaviour of
solutions, are now given when some changes in data occur. To this aim, let us consider a pure exchange economy governed
by the TDPVI (11). Let us assume that the following strong monotonicity condition on−z(t, ·, ν) holds a.e. in [0, T ]:
l−
i=1
(−zi(t, p1(t), ν)+ zi(t, p2(t), ν))(p1i (t)− p2i (t)) ≥ α|p1(t)− p2(t)|2,
∀p1, p2 ∈ S, ∀ν,∈ Γ , α > 0. Let us assume that the aggregate excess demand function changes from z(t, ·, ν) to z∗(t, ·, ν)
with ν ∈ Γ , and let us establish the relation between the correspondent equilibria p˜(t) and p˜∗(t), where p˜(t), p˜∗(t) are the
equilibrium price vectors obtained, respectively, fixing, ν = ν˜ and ν = ν˜∗. The following theorem establishes that small
changes, in the time, in the aggregate excess demand function, to varying of the parameter ν, lead to small changes to the
dynamic Walrasian price equilibrium.
Theorem 3.1. Let z(t, ·, ν) and z∗(t, ·, ν) be two excess demand functions, with ν,∈ Γ , and let p˜(t) and p˜∗(t) denote,
respectively, their associated Walrasian price equilibrium vectors, obtained, fixing in Γ , respectively, ν = ν˜ and ν = ν˜∗. Then,
under strong monotonicity assumption, we have:
|p˜∗(t)− p˜(t)| ≤ 1
α
|z∗ν˜∗(t, p˜∗(t))− zν˜∗(t, p˜∗(t))|, ∀ν˜, ν˜∗ ∈ Γ , α > 0.
Corollary 3.1. Let us assume that the aggregate excess demand function, associated to commodity i, is increased to varying of the
time, while all the other aggregate demand functions remain fixed, that is:
z∗i (t, p∗(t), ν) ≥ zi(t, p∗(t), ν) a.e. in [0, T ] for some i, ∀ν ∈ Γ , while z∗j (t, p∗(t), ν) = zj(t, p∗(t), ν), for j ≠ i. Let us
assume also that:
∂zj(t, p′(t), ν)
∂pk
= 0 a.e. in [0, T ] ∀j ≠ i, ν ∈ Γ , k = 1, 2, . . . , n, ∀p′ ∈ S. (13)
Then for all i = 1, 2, . . . , l and a.e. in [0, T ], it results:
p∗i (t) ≥ pi(t) and z∗i (t, p∗(t), ν) ≥ zi(t, p(t), ν).
The proofs of the theorem and the corollary, fixed the parameters, are strictly close to that shown in [1].
4. Hölder-type behaviour of the solution
In this section, the parametric formulation of our time-dependent variational inequality problem is considered andweare
able to show the Hölder-type stability of the solution of the evolutionary parametric variational inequalities characterizing
the time-dependent Walrasian price equilibrium conditions.
To this aim let us fix an initial value of the parameter ν ∈ Γ , let us consider a neighbourhood υ(ν) of ν.
Then, given a parameter ν around the initial value ν, the correspondent evolutionary perturbed variational inequality
problem is to determine p∗ ∈ S such that:∫ T
0
⟨z(t, p∗(t, ν), ν), p(t)− p∗(t, ν)⟩dt ≤ 0 ∀p ∈ S. (14)
The necessary assumptions to establish our stability result are now introduced.
Let us assume that:
(a) z is uniformly strongly monotone, namely for somem > 0, and a.e. in [0, T ],we have:
l−
i=1
⟨zi(t, p(t), ν)− zi(t, p′(t), ν ′), pi(t)− p′i(t)⟩ ≥ m|p(t)− p′(t)|2
∀p, p′ ∈ S, ∀ν, ν ′ ∈ υ(ν); (15)
(b) for some c > 0, for all p ∈ S, ν, ν ′ ∈ υ(ν) and a.e. in [0, T ]:
|z(t, p(t), ν)− z(t, p(t), ν ′)| ≤ c‖ν − ν ′‖ξ , ξ ∈]0, 1[.
F. Scaramuzzino / Computers and Mathematics with Applications 61 (2011) 1800–1809 1805
Under usual hypotheses, it is possible to rely on the existence of at least one solution. Thus, let us assume that, the integral
solution set to the evolutionary PVI(z, S), denoted by {IS}, is nonempty.
Let us mostly focus our attention on the local behaviour of the map:
ν → p∗ ∈ S :
∫ T
0
⟨z(t, p∗(t, ν), ν), p(t)− p∗(t, ν)⟩dt ≤ 0 ∀p ∈ S.
Theorem 4.1. Let us assume that assumptions (a), (b) hold. Then the solution map IS : [0, T ] × Γ → L is Hölder continuous
around ν i.e., there exists k > 0, ξ ∈]0, 1[ such that:
‖p∗(ν)− p∗(ν ′)‖L ≤ k‖ν − ν ′‖ξ a.e. in [0, T ]
∀ν, ν ′ ∈ υ(ν).
Proof. Fixing ν around υ(ν), the time-dependent PVI(z, S) has got an equilibrium solution p∗(t, ν), then:∫ T
0
⟨z(t, p∗(t, ν), ν), p(t)− p∗(t, ν)⟩dt ≤ 0 ∀p ∈ S. (16)
Fixing ν ′ around υ(ν), the price vector p∗(t, ν ′) is a solution of:∫ T
0
⟨z(t, p∗(t, ν ′), ν ′), p(t)− p∗(t, ν ′)⟩dt ≤ 0 ∀p ∈ S. (17)
Letting p(t) = p∗(t, ν ′) and p(t) = p∗(t, ν), respectively, and adding the two inequalities (16) and (17), we have:∫ T
0
⟨z(t, p∗(t, ν ′), ν ′)− z(t, p∗(t, ν), ν), p∗(t, ν)− p∗(t, ν ′)⟩dt ≤ 0 ∀p ∈ S. (18)
By assumptions (a) and (b) we have:
m
∫ T
0
|p∗(t, ν)− p∗(t, ν ′)|2dt ≤
∫ T
0
⟨z(t, p∗(t, ν ′), ν ′)− z(t, p∗(t, ν), ν), p∗(t, ν)− p∗(t, ν ′)⟩dt
≤
∫ T
0
|z(t, p∗(t, ν ′), ν ′)− z(t, p∗(t, ν), ν)| |p∗(t, ν)− p∗(t, ν ′)|dt
≤
∫ T
0
(z(t, p∗(t, ν ′), ν ′)− z(t, p∗(t, ν), ν))2dt
 1
2
·
∫ T
0
(p∗(t, ν)− p∗(t, ν ′))2
 1
2
≤ c‖ν − ν ′‖ξ ·
∫ T
0
(p∗(t, ν)− p∗(t, ν ′))2
 1
2
.
Then: ∫ T
0
|p∗(t, ν)− p∗(t, ν ′)|2dt
 1
2
≤ c
m
‖ν − ν ′‖ξ .
The assertion of Theorem 4.1 is then immediately achieved:
‖p∗(ν)− p∗(ν ′)‖L ≤ k‖ν − ν ′‖ξ
with k = cm and ξ ∈]0, 1[.
5. Example
The dynamic Walrasian price equilibrium problem previously presented is now illustrated with a numerical example.
Let us solve the evolutionary PVI problem by means of the direct method of [21] (see also [23,24]).
During a period of time [0, 1], let us consider a pure exchange economy with:
• 2 goods: j = 1, 2,
• 2 agents: a = 1, 2,
• 1 parameters: ν ∈ Γ .
Let ν = (µ, λ)with µ ∈ M ⊆ Rk and λ ∈ Λ ⊆ Rm, with k ≠ m, then ν = (µ, λ) ∈ Rk+m ⊆ Rn.
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It is assumed that, at the time t , the agents 1 and 2 have, respectively, the endowment vectors:
e1(t) = (e11(t), e21(t)) = (2t, 0), e2(t) = (e12(t), e22(t)) = (t, 5t).
In order to obtain the demand vectors the Cobb–Douglas utility function has been used (see [25]), opportunely adapted to
our evolutionary parametric case, and it is as follows:
xja(t, (µ, λ)) =
β
j
a(t, (µ, λ))
l∑
j=1
pj(t)eja(t)
l∑
j=1
pj(t)β ja(t, (µ, λ))
,
∀j = 1, . . . , l, a = 1, . . . , l, µ ∈ M, λ ∈ Λ, t ∈ [0, 1].
Assuming that β(t, (µ, λ)) ∈ R2×2, with:
β(t, (µ, λ)) =

β11 (t, (µ, λ)) β
2
1 (t, (µ, λ))
β12 (t, (µ, λ)) β
2
2 (t, (µ, λ))

=
[
1+ µλ 1− 2µλt
2+ µλ 1− 3µλt
]
.
Consequently, the demand vectors are:
x1(t, (µ, λ)) = (x11(t, (µ, λ)), x21(t, (µ, λ)))
=

(1+ µλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)p2(t) ,
(1− 2tµλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)p2(t)

;
x2(t, (µ, λ)) = (x12(t, (µ, λ)), x22(t, (µ, λ)))
=

(2+ µλ)(tp1(t)+ 5tp2(t))
(2+ µλ)p1(t)+ (1− 3tµλ)p2(t) ,
(1− 3tµλ)(p1(t)+ 5tp2(t))
(2+ µλ)p1(t)+ (1− 3tµλ)p2(t)

,
∀j = 1, 2, a = 1, 2, µ ∈ M, λ ∈ Λ, t ∈ [0, 1].
Remark 5.1. The choice to use the Cobb–Douglas utility function is due to its particularly convenient properties
(differentiability, quasi-concavity) added to the facility with which it is possible to deal with them analytically; for this
reason, they are often used in the study of microeconomics problems. Moreover, such functions have the same algebraical
form of the Walrasian demand function associated with them.
Since in this economy there is only pure exchange, the excess demand function, related to the goods j, at the time t , is so
defined:
z j(t, p(t), (µ, λ)) =
2−
a=1
xja(t, (µ, λ))−
2−
a=1
eja(t), ∀p ∈ S, j = 1, 2, µ ∈ M, λ ∈ Λ, t ∈ [0, 1]
and in our case it becomes:
z1(t, p(t), (µ, λ)) =

(1+ µλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)p2(t) +
(2+ µλ)(tp1(t)+ 5tp2(t))
(2+ µλ)p1(t)+ (1− 3tµλ)p2(t) − 3t

,
z2(t, p(t), (µ, λ)) =

(1− 2tµλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)p2(t) +
(1− 3tµλ)(tp1(t)+ 5tp2(t))
(2+ µλ)p1(t)+ (1− 3tµλ)p2(t) − 5t

.
In order to find the dynamic Walrasian price equilibrium of this parametric economic problem, the evolutionary PVI a.e. in
[0, T ] has been solved:
z1(t, p∗(t, (µ, λ)), (µ, λ)) · (p1(t)− (p∗)1(t, (µ, λ)))+ z2(t, p∗(t, (µ, λ)), (µ, λ)) · (p2(t)− (p∗)2(t, (µ, λ))) ≤ 0,
∀p ∈ S, µ ∈ M, λ ∈ Λ, t ∈ [0, 1]
that is:
(1+ µλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)p2(t, (µ, λ)) +
(2+ µλ)(tp1(t)+ 5tp2(t))
(2+ µλ)p1(t)+ (1− 3tµλ)p2(t) − 3t

· (p1(t)− (p∗)1(t, (µ, λ)))
+

(1− 2tµλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)p2(t) +
(1− 3tµλ)(tp1(t)+ 5tp2(t))
(2+ µλ)p1(t)+ (1− 3tµλ)p2(t) − 5t

· (p2(t)− (p∗)2(t, (µ, λ))) ≤ 0
∀p ∈ S, µ ∈ M, λ ∈ Λ, t ∈ [0, 1].
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By applying the direct method, it results that:
(1+ µλ)2tp1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)(1− p1(t)) +
(2+ µλ)(5t − 4tp1(t))
(2+ µλ)p1(t)+ (1− 3tµλ)(1− p1(t))+
− (1− 2tµλ)2tp
1(t)
(1+ µλ)p1(t)+ (1− 2tµλ)(1− p1(t)) −
(1− 3tµλ)(5t − 4tp1(t))
(2+ µλ)p1(t)+ (1− 3tµλ)(1− p1(t)) + 2t

· (p1(t)− (p∗)1(t, (µ, λ))) ≤ 0, with: p2(t) = 1− p1(t), 0 ≤ p1(t) ≤ 1, (19)
and the exact solution to evolutionary PVI (19) is obtained.
Hence the dynamic Walrasian price equilibrium, to varying of µ ∈ M and λ ∈ Λ is given by:
(p∗)1(t, (µ, λ)) = (2tµλ− 1)(9tµλ+ 5µλ+ 7)
18t2µ2λ2 + tµλ(17µλ+ 16)+ 5µ2λ2 + 7µλ− 2
(p∗)2(t, (µ, λ)) = tµλ(7µλ+ 11)+ 5µ
2λ2 + 12µλ+ 5
18t2µ2λ2 + tµλ(17µλ+ 16)+ 5µ2λ2 + 7µλ− 2 ,
with 0 < (2tµλ−1)(µλ(9t+5)+7)
µ2λ2(18t2+17t+5)+µλ(16t+7)−2 < 1.
As application, during the period of time [0, 1], it is supposed that:
M = {4%, 10%, 20%} is the set of vat shares in force in Italy in the year 2008 ex D.P.R. 26/10/1972 nr.633 and s.m. (then the
parameter µ represents the variation of the vat share); Λ is the set of the annual average inflation rates calculated in Italy
in the period: December 2007–December 2008 (see Table 1), then the parameter λ represents the variation of the average
inflation rate.
Table 1
Details of average inflation concerning 2008: national indexes of prices.
Source: ISTAT.
N. Periods Annual inflation (%) Monthly inflation (%) Average inflation partial value (%) Indices
1 December 2006–2007 2.6 0.3 2.6 [130.5] [133.9]
2 January 2007–2008 2.9 0.4 2.8 [130.6] [134.4]
3 February 2007–2008 2.9 0.3 2.8 [131] [134.8]
4 March 2007–2008 3.3 0.5 2.9 [131.2] [135.5]
5 April 2007–2008 3.3 0.2 3.0 [131.4] [135.8]
6 May 2007–2008 3.6 0.5 3.1 [131.8] [136.5]
7 June 2007–2008 3.8 0.4 3.2 [132.1] [137.1]
8 July 2007–2008 4.1 0.5 3.3 [132.4] [137.8]
9 August 2007–2008 4.1 0.1 3.4 [132.6] [138]
10 September 2007–2008 3.8 −0.3 3.4 [132.6] [137.6]
11 October 2007–2008 3.5 0.0 3.4 [133] [137.6]
12 November 2007–2008 2.7 −0.4 3.4 [133.5] [137.1]
13 December 2007–2008 2.2 −0.1 3.3 [133.9] [136.9]
– Annual average inflation 3.3 – – –
Considering the data in the table, it is possible to observe an increasing behaviour of the inflation rate until reaching a
maximum about 4.1%.
Moreover, attributing to the parameterµ the values considered inM and to the parameterλ the values exposed in Table 1,
by using MATLAB computation and after a linear interpolation, the curves of equilibria to varying of µ and λ are obtained
as shown in Fig. 1 where the data must be considered in percent values.
The curves have been obtained considering eight instants of time concerning to eight variations of the average annual
inflation rate (as reported in Table 1) and consequently the curves have been obtained to varying of the vat share as follows:
• red curves: µ = 4%
• green curves: µ = 10%
• blue curves: µ = 20%.
If we make the instant of time t varying with continuity in all the interval of time [0, 1], a more realistic figure is obtained
and so to have the following six surfaces of equilibrium (see Fig. 2).
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Fig. 1. Curves of equilibria.
Fig. 2. Surfaces of equilibrium.
6. Summary and conclusions
In this work it has been shown that a time-dependent Walrasian price equilibrium problem can be characterized by an
evolutionary parametric variational inequality. Bymeans of thismathematics formulationwe have studied some qualitative
properties of the dynamic Walrasian price equilibrium solution in the case where the aggregate excess demand function
varies according to a parameter. Since the economic equilibrium problems have a certain degree of instability according to
the variation of any external economic factor, an analysis of the parametric sensitivity and a parametric Hölder-type stability
of the solutions was proposed and it allowed us to establish the changes of the solution under small changes of the data to
varying of a parameter. This type of analysis was exploited for computational purpose. What led us to focus on our time-
dependent parametric approach has been to fulfil a more realistic model because the study of the parametric static case can
be considered only a first approach to the understanding of the reality which is useful for further developments. Our aim
was to extend the classical parametric results of the static case to the evolutionary perturbed domain as we considered their
potential applicability not only in operations research but also in economics and in computer science. It is also important to
highlight that our time-dependent parametric variational model could be applied in several markets in order to determine
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the prices of equilibrium in the case where the aggregate excess demand function varies to varying of a parameter that
induces to the variation of prices according to the parameter. It is possible, for example, as an application, to determine
prices of equilibrium in the car market in the case where the parameter represents the variation of the government
incentives, or, for example, in the financial markets in order to obtain the equilibrium prices of shares in the case where
the parameter could represent the volatility of the market and so on . . . . Moreover, in the next future wewould like to prove
the potential applications above mentioned and also to consider delay effects in the time-dependent parametric Walrasian
price equilibrium problem because in the real world, not necessarily in every economic system, to varying of the parameter,
an instantaneous equilibration may be obtained.
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